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ABSTRACT 

This  paper  deals  with  periodic  solutions  of  Hamiltonian  systems  of  the 
form  V* (x)  with  V  a  given  function.  Assuming  V  to  be  either  a 

convex  or  an  even  function,  and  prescribing  the  period,  existence  results  are 
obtained  for  the  number  of  solutions  in  relation  to  the  minimal  period  of 
these  solutions,  assuming  superquadratic  growth  at  infinity  only,  or  subqua¬ 
dratic  growth  at  infinity  together  with  specific  behaviour  at  the  origin  for 
V.  By  introducing  natural  constraints,  these  results  are  obtained  by  applying 
variational  methods  directly  to  the  action  functional. 
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SIGNIFICANCE  AND  EXPLANATION 


Am  ayitw  of  equations  -8  -  V'(x),  with  V  a  given  potential  energy 
function,  nodel  the  Motion  of  a  dynanical  systeM.  Prescribing  the  period 
I,  the  action  functional  associated  with  this  systeM  on  the  set  of  T-perlodic 
functions  is  not  isssedlately  suited  for  application  of  known  variational 
Methods  to  obtain  periodic  solutions.  Assuming  V  to  be  an  even  or  a  convex 
function,  it  is  shown  in  this  paper  that  it  is  possible  to  apply  these  Methods 
after  introducing  certain  subsets  (called  natural  constraints)  which  have  the 
property  that  critical  points  of  the  action  functional  restricted  to  these 
subsets  also  provide  T-periodic  solutions.  Using  specific  natural 
constraints ,  the  existence  of  superhamonic  solutions,  i.e.  solutions  which 
havs  period  T/2,  T/3 , . . .  ,  is  also  investigated.  In  the  paper  the  case  of 
superquadratic  growth  at  infinity,  as  well  as  the  case  that  V  is  subquadra¬ 
tic  at  infinity  and  satisfies  conditions  at  the  origin,  are  investigated. 
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APPLICATIONS  OP  NATURAL  CONSTRAINTS  IN  CRITICAL  POINT  THEORY 
TO  PERIODIC  SOLUTIONS  OP  NATURAL  HAMILTONIAN  SYSTEMS 

* 

E.  N.  C.  van  Groeaan 
1*  Introduction  and  Results. 

In  this  papsr  vs  shall  consider  the  problem  of  finding  periodic  solutions 
with  a  prescribed  period  T  >  0  of  the  autonomous  system  of  second  order 
equations 

(1)  -x  -  V'(x)  ,  x(t )  e  r“  # 

where  V  e  C^(rf1#R)  is  a  potential  energy  function,  normalised  such  that 
V(0)  -  0.  Equations  (1)  correspond  to  a  Hamiltonian  system  with  a  "natural" 
Hamiltonian  (of  the  form  kinetic  plus  potential  energy)  given  by 
H(x,p)  -  j  |p|2  +  V(x)  ,  (x,p>  «  rf1  x  , 

where,  here  and  in  the  following,  |  |  denotes  the  fticledian  norm  in  rf* 
(occasionally  we  shall  also  write  p2  for  lp|2).  In  the  results  to  be 
presented,  some  of  the  next  conditions  will  be  required.  In  the  formulation 
we  let  Xt  «-  (2w/T)2  end  ),  i  «  H. 

(v1>  ii*  ^  . 

I*l*»  * 

(V2),  lim  inf  ^  X  j2  . 

*  3  |x|*0  x2  2  1 

(V3)t  <  5  Xt(**M)2  for  all  x  C  Rn  . 

x* 

(V^ )  There  exist  numbers  u  >  2  and  R  >  0  such  that 
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V'(x)*x  >  liV(x)  for  all  x  e  rf1  for  which  |x|  >  R  . 

The  first  result  deals  with  subquadratic  potentials,  i.e.  condition  (Vj ) 
holds,  which  satisfy  for  sows  j  e  ■  condition  (V2) j.  Clark  [1]  for  tha  case 
that  V  is  swan,  and  Oosta  and  Villas  [2]  for  tha  casa  that  V  is  convex, 
obtained  tha  existence  of  at  least  j*n  distinct  T  periodic  solutions 
("distinct  solutions”  will  seen,  here  and  in  the  following,  solutions  that 
haws  distinct  trajectories).  See  also  Amann  and  zehnder  [3]  for  a 
Multiplicity  result  in  case  V  is  even  and  asymptotically  linear  at 
infinity,  these  results  do  not  give  any  information  about  the  minimal  period 
of  these  solutions.  In  that  respect,  Clarke  and  Kkeland  [4]  established  the 
existence  of  at  least  one  solution  with  minimal  period  T  for  the  case  of 
general  Hamiltonian  systems  with  convex  Hamiltonians  which  satisfy  conditions 
like  (V| )  and  (V2)j«  (Their  method  can  be  modified  to  be  applicable  to  the 
natural  Hamiltonians  we  are  considering  here,  but  their  results  do  not  seem  to 
oover  this  case  directly.)  See  also  Ambrosetti  and  Mancini  [5]  for  related 
results. 

In  the  formulation  of  the  next  theorem,  and  in  the  following,  we  use  the 
notation  [a]  for  a  >  0  to  denote  the  integer  part  of  at 
(al  -  max(k  t  k  e  ■  u  (0),  k  <  a}. 

THHORMi  1. 

Suppose  that  V  is  even  or  strictly  convex,  and  that  V  satisfies  for 
some  j  <  I  conditions  (Vj)  and  (V2)j.  Then  we  have: 

(1)  Ftor  each  kei,  1  <  k  <  j,  there  exists  at  least  one  solution  of 
equation  (1)  with  minimal  period  TA. 

(11)  Hquatlon  (1)  has  at  least  j*n  distinct  (non-constant)  solutions  of 
period  T. 


If#  in  addition#  V  satisflas  (Vj) j ,  than  we  hava  furtharmora t 
(Hi)  Equation  (1)  has  at  laast  j*n  distinct  (non-constant)  solutions  of 
period  T  with  minimal  period  not  less  than  T/j. 

(iv)  For  each  k«l#  with  tj/2]  ♦  1  <  k  <  j#  there  exist  at  least  n 
distinct  solutions  of  equation  (1)  that  have  minimal  period 
precisely  TA- 

The  T-par iodic  solutions  which  have  minimal  period  less  than  T,  thus  having 

period  T/2,  T/3#...  #  shall  be  called  superharmonic  solutions  (compare  these 

with  the  subharmonic  solutions  considered  e.g.  by  Rabinowlts  [6]).  The  other 

result  deals  with  the  case  that  V  is  superquadratic  at  infinity#  i.e.  V 
♦ 

satisfies  (V4).  In  that  case  it  is  well-known  that  for  arbitrary  (large)  A  > 
0#  equation  (2)  has  a  periodic  solution  with  period  T  and  with  L^-norm 
larger  than  A  (cf.  Rabinowlts  [7,8]). 

We  shall  show,  at  least  when  V  is  even  or  convex,  that  there  exists 
such  a  solution  that  has  the  additional  property  that  its  minimal  period  is 
arbitrary  small. 

THEOREM  2. 

Suppose  that  V  is  even  or  strictly  convex,  and  that  V  satisfies 
condition  (V4). 

Then  for  any  T  >  0  there  exist  a  number  k0  e  M  and  a  sequence 
{x^} #  k  C  I#  k  >  kQ#  of  T-periodic  non-constant  solutions  of  equation  (1)  for 
which  l*jclI)  *  *  *•  k  ♦  •  and  for  which  the  minimal  period,  to  be  denoted 
by  Tfc,  aatisfies  <  TA. 

All  the  results  stated  above  will  be  obtained  by  applying  variational 
methods  directly  to  the  action  functional  of  which  (1)  is  the  Euler-Lagrange 


equation#  i.e 


<2> 


9 


+(x)  -  J  J  * “  J  V(x) 
where,  here  and  in  tha  following,  J  denotes  integration  with  respect  to  t 
over  an  interval  of  one  period,  to  be  taken  to  be  the  interval  [-T/2,t/2], 

If  E  denotes  the  set  of  T-periodic  functions,  a  direct  treatment  of  f 
on  E  is  known  to  cause  difficulties,  mainly  because  E  contains  the  set  of 
constant  vector functions  H0 )  •  However,  it  will  be  shown  that,  by 

restricting  f  to  suitable  subsets  of  E,  namely  natural  constraints,  these 
difficulties  can  be  overcome  and,  in  fact,  more  specific  information  about  the 
set  of  critical  points  is  obtained. 

To  clarify  the  underlying  idea  of  natural  constraints,  let,  more 
generally,  E  be  any  set  and  ♦  6  C1(E,K)  a  given  functional  on  E.  we 
denote  by  S(+*»  the  set  of  critical  points  of  #  on  E. 

Definition  1. 

A  subset  E  of  E  will  be  called  a  natural  constraint  for  the  couple 
(t,S)  if* 

S(f, E)  c  S<t,E)  , 

i.e.  any  critical  point  of  the  functional  ♦  restricted  to  the  set  B  is 
also  a  critical  point  of  9  on  E. 

Mote  that,  since  any  critical  point  of  t  on  E  that  belongs  to 
E  is  also  a  critical  point  of  9  on  E,  an  equivalent  definition  is 

S(t,E)  -  n  E  . 

the  notion  of  natural  constraint  is  known  in  the  literature.  In  a  more 
restricted  sense,  requiring  at  least  S(f,E)  -  S(f,E)  it  has  been  studied  and 
propagated  most  strongly  by  Berger  [9,10,11,12,13,14],  but  incidentally  this 
method  turns  up  at  several  places  (c.f.  for  instance  Nehari  [15],  Coffmann 
[16],  Hampel  [17],  tabrosetti  and  Mancinl  [5,18]). 
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To  obtain  aort  specific  information  about  tha  solution  aat  S(f,B)  we 


shall  usa  natural  constraints  also  in  a  mors  rastrictad  sanaa*  For  tha 
applications  we  have  in  mind,  this  mors  rastrictad  usa  can  ba  formulated  as 
follows. 

Dafinltlon  2. 

A  sapping  •  *  I*ie  I  will  ba  callad  a  natural  embedding  for  tha 
coupla  (♦,*),  and  *  dafinad  by  B  «■  #1  will  ba  callad  a  naturally 
embedded  sat  for  (f,B),  if 

(i)  tha  functional  dafinad  by  ^  «■  ♦♦  t  B  ♦  B  balongs  to  C^(B,B), 

and 

(ii)  for  ovary  x  6  S(^l,i)  it  holds  that  #x  6  S(f,E). 

It  is  clsar  that  a  naturally  awbaddad  sat  B  is  a  natural  constraint  in  tha 
sanaa  of  dafinition  1. 

Ona  of  tha  raaaons  to  considar  natural  constraints  is  that  more  specific 
information  can  bo  obtainad  for  tha  sat  S(p,B).  In  fact,  maraly  tha  fact 
that  than  an  critical  points  that  belong  to  a  certain  subset  *  may  provide 
already  specific  characterisations  or  properties  of  these  critical  points. 
Furthermore,  and  this  is  especially  important  from  a  "constructive"  point  of 
view,  critical  points  which  are  "saddle  points"  for  ♦  on  I  may  ba  minimal 
points  far  ♦  when  ♦  is  rastrictad  to  seme  natural  constraint.  It  must  ba 
remarked,  however,  that  tha  determination  of  useful  natural  constraints  for  a 
given  problem  is  not  constructive,  but  requires  soma  a-priori  reflection  on 
potentially  useful  subsets  of  S(f,B). 

TO  return  to  tha  specific  Hamiltonian  problem  under  consideration,  if 
V  is  an  even  function,  we  shall  oonsider  tha  action  functional  ♦  on  tha 
natural  constraint  B*  which  consists  of  tha  odd  T-pariodic  functions.  Than 


*•  0  rf*  ■  {O}.  Mot*  that  S(t»E*)  c  S(t.B),  hut  simple  examples  show  that 
these  sets  need  not  coincide.  [Tor  even  potentials  one  can  consider  instead 
of  I*  an  even  more  restricted  set  E  c  e*  as  a  natural  constraint.  The 
corresponding  period  solutions  in  B  are  called  normal  modes  (c.f.  [19,20]).] 
In  case  the  potential  V  is  a  convex  function,  one  usually  considers 
instead  of  the  functional  ♦  ,  the  dual  action  functional  (or  variants),  see 
e.g.  Bee land  [21],  Clarke  and  Eke land  [4],  Ambrosetti  and  Mancini  [5,18], 

Oosta  and  Willem  [2 ] .  He  shall  show  that  it  is  possible  to  deal  directly  with 

A 

the  action  functional  (2),  if  ♦  is  considered  on  the  set  E  defined  by 

(3)  E  s-  {x  6  B  t  I  V*  (x)  -  0} 

A  A 

(c.f.  Berger  [12]).  Then  E  n  r  »  {0}.  We  shall  show  that  B  is  a  natural 

A 

constraint  for  (♦,*),  and  in  this  case  S(#,B)  =  S(f,B).  (For  non- convex 

A 

potentials  V  it  could  happen  that  S(+,K)  is  a  real  subset  of  S(t,B)).  In 
fact,  we  shall  show  that  the  constrained  variational  problem 

(4)  statCf (x)  »  x  e  1,  1  V*(x)  -  0) 

is,  for  strictly  convex  functions  V,  an  explicit  characterisation  of  the 
unconstrained  variational  problem 

(5)  etat{max{t<x*y)  j  x  €  Rn)  :  y  e  B> 

where  the  set  B  is  written  as  ths  direct  sum  of  constant  vector functions, 
rf1,  and  functions  with  man  value  sero,  B.  In  particular,  when  "stat"  is 
replaced  by  "inf  in  (4),  and  consequently  in  (5),  which  is  meaningful  if  V 
satisfies  (Vf),  <V2 )  the  constrained  minimization  problem  (4)  is  an  explicit 
formulation  for  the  mini-max  problem  (5). 

Remark  1.  It  is  likely  that  (5),  contrary  to  (4),  gives  for  a  larger 
class  of  potentials  than  the  convex  ones  the  desired  critical  points,  but  this 
has  not  been  investigated  in  detail  yet. 


teark  2.  For  the  problem  of  finding  T-periodic  solutions  of  mors 
gsnsral  Hamiltonian  systems ,  it  is  also  possible  to  introduce  a  natural 
constraint  i?  the  Hamiltonian  is  assumed  to  be  (strictly)  convex.  In  fact, 
defining  spaces  E  and  I  as  above  for  2n-vector  functions  x,  (4)  is  the 
constrained  canonical  action  principle  for  a  system  with  Hamiltonian  V  if 
the  functional  ♦  is  taken  to  be 

♦<x)  “  J  -j  *\Jx  -  J  V(x)  , 

where  J  is  the  usual  symplectic  matrix  }  ■  g)  with  I  the  identity 

matrix  in  rf1. 

Writing  E  for  E*  if  V  is  even  and  for  E  if  v  is  convex,  we 
shall  take  as  naturally  embedded  sets  the  sets  c  E,  k  e  W,  consisting  of 
k-th  superharmonic  functions  of  E,  i.e.  functions  in  E  which  have  period 
t/k. 

The  advantage  of  using  these  natural  constraints  becomes  clear  from  the 
proof  of  the  theorems.  In  fact,  for  Theorem  1,  the  j  solutions  referred  to 
in  pert  (i)  will  be  obtained  as  the  minimizing  elements  of  the  functional  ♦ 
on  1  <  k  <  j.  Exploiting  invariance  properties  of  the  couple  (t,E), 

the  other  solutions  are  obtained  using  Ljusternik-Schnirelmann  theory.  For 
Theorem  2,  for  each  k  e  I,  k  >  kg,  a  non- trivial  critical  point  of 
#  on  E^  will  be  obtained  by  using  the  Mountain  Pass  Lemma  (Ambrosetti  and 
Rabinowits  [22]). 

Remark  3.  in  the  situation  of  theorem  2,  with  an  additional 
(monotonicity)  condition  on  V,  it  is  possible  to  obtain  solutions  which  have 
minimal  period  precisely  TA •  Instead  of  applying  the  Mountain  Pass  Lemma, 
these  solutions  are  obtained  as  solutions  of  a  specific  minimisation  problem 


which  Involves  an  additional  natural  constraint.  See  [20]  for  the  case  of 
nonal  aodes. 

Remark  4.  The  (regularity)  assunptlons  on  V  may  be  weakened.  Zn  fact, 
for  the  case  that  V  is  even,  the  proof  of  the  results  only  uses  V  e  C1. 

FOr  convex,  not  necessarily  strictly  convex,  functions  V,  the  results 

can  be  established  by  approximating  V  by  strictly  convex  C  functions  (see 
Berger  [9,  p.  338-339]  for  an  example  of  such  an  approximating  procedure). 

Other  applications  of  the  use  of  natural  constraints  in  critical  point 
theory,  in  particular  to  the  problem  of  multiple  solutions  in  semi-linear 
boundary  value  problems  on  domains  with  rotation  symmetry,  shall  be  dealt  with 
in  a  forthcoming  paper  [23]. 

In  Section  2  we  shall  present  the  proof  of  Theorems  1  and  2  for  the  case 
that  the  potential  V  is  an  even  function,  whereas  Section  3  deals  with  the 
case  of  convex  potentials. 

I  thank  Paul  H.  Rabinowitz  for  suggestions  for  improvement  of  the 
presentation  of  the  results. 


In  this  Motion  we  consider  the  case  that  V  is  an  even  function.  Let 
B  be  the  set  of  T-periodic  functions: 

B  ■  {x  B  (H,  Rn)  :  x  is  T-periodic}  , 

where  H^(R,bP)  is  the  usual  Sobolev  space  of  n-vector  functions.  B*  will 
denote  the  subset  of  odd  T-periodic  functions: 

E*  ■  {x  e  B  :  x  is  odd) 

Note  that  any  x  6  B*  satisfies  x(0)  -  x(-T/2)  -  x(T/2)  ■  0.  E*  is  a 
Hilbert  space  with  norm  denoted  by  II: 

Ixl  :■  (J  x2}^  for  x  6  B* 

Bor  k  C  I,  we  define  on  B  the  mapping  *k 

(2.1)  *k  :  B  ♦  E  ,  *fcx(t)  x(kt)  , 

and  introduce  sets  E£  as  the  image  of  E*  under  *k: 

■■  ♦*  *•  • 

Then  E^  SB*,  and  E£  consists  of  all  odd,  periodic  functions  with  period 
T/k  ( superharmonic  functions  of  E* ) . 

The  action  functional  ♦  ,  given  by  (2),  is  well  defined  on  B  and 
satisfies  ♦  6  (E,R)  and  ♦  e  C^fE*,*).  The  restriction  of  ♦  to  E£ 

defines  via  :»  a  C1 -functional  on  E*: 

(2.2)  *k(x)  -  -j  k2  j  i2  -  J  V(x)  . 

To  show  that  B*  is  a  natural  constraint  for  the  couple  (f,E),  observe 
that  any  critical  point  x  of  if  on  E*  satisfies  for  some  even  function 
£(t)  the  equation 

-  x  -  V'(x)  +  £  . 

Taking  the  inner  product  of  this  equation  with  £  and  integrating  over 
(-T/2,T/2)  gives  J  £2  *  0  because  x,  and  hence  V' (x)  and  x  are  odd. 
Thus  £  S  0,  and  x  satisfies  equation  (2),  i.e.  x  is  a  solution  of  the 


original  problem.  Tbu a  S(t,E°)  c  S{$,E)  as  required. 

Bi»t  •jj  is  a  natural  embedding  follows  from  the  observation  that  if 
yet*  is  a  critical  point  of  on  E#,  y  satisfies  -k2y  “  v*(y). 

Hence,  defining  x(t)  ♦jjytt),  x  satisfies  equation  (2)  and  x  e  E£,  whic 
shows  that  4^  is  a  natural  embedding.  Note  that  if  ye  S(ij»k,E0)  is  known 
to  have  minimal  period  T,  then  ♦jjy  e  S(i|i,Ea)  has  minimal  period  T/k. 
Resuming  these  results  we  have 
LEMMA  1. 

If  for  some  k  e  N,  x  e  S(4>k,E#),  then  *kx  e  S(ij),E0)  and  4k(x)  * 
♦(♦kx).  Moreover,  if  x  e  E*  has  minimal  period  T,  then  *kx  e  E£  has 
minimal  period  T/k . 

The  proof  of  Theorem  1 ,  part  ( i ) ,  is  an  immediate  consequence  of  lemma  1 
and  the  next  lemma. 

LEMMA  2. 


Suppose  that  v  satisfies  (V.,)  and,  for  some  j  e  I,  (V2)j.  Then,  for 
any  k  e  M,  1  <  k  <  j,  the  minimization  problem 


(2.3) 


inf(4v(x)  s  x  e  E#} 


has  at  least  one  solution  xk,  and  xk  is  nontrivial  and  has  minimal 
period  T. 

Proof. 


XI 


Let  us  start  to  recall,  for  future  reference,  the  Poincar£-Friedrichs 
inequalities:  with  ”  (2ir/T)2 


(2.4) 


Ixl2  >  X,  J  x2  and  |x|  Q  <  /t  Ixl  , 

C 


valid  for  all  functions  x  for  which  j  x  *  0,  so  certainly  for  all  x  e  E* 
As  a  consequence  of  condition  (V^)  there  exist  constants  a  and  M, 
satisfying  0  <  a  <  such  that 

(2.5)  V(x)  <V2a|x|2  +  M  for  all  x  e  r"  . 


Using  this*  together  with  (2.4) 

.  ,  .  .  1  2.  .2  1 

♦k  (*)  >  J  k  1x1  ~  2 

Since  o  <  X^,  it  follows  that 

Ixl  ♦  •. 


,  we  have  for  the  functional  : 

2  1  X1~®  2 
o  J  | x |  -  MT  >  -  (— r — )lxl  -  MT 

1 

is  coercive  on  B*t  ^(x)  ♦ 


(keM) 


as 


It  is  a  standard  result  that  is  also  continuous  with  respect  to  the 

weak  convergence  in  Z*.  As  a  consequence,  Weier stress'  theorem  provides  the 
existence  of  a  solution  of  the  minimisation  problem  (2.4),  for  any  k  e  I. 

Remains  to  show  that  xk  is  non  trivial  and  has  minimal  period  T  for 
k  C  I,  1  <  k  <  j  if  condition  (V2)j  is  satisfied.  To  prove  that  xk  ¥  0  for 
k  <  j,  note  that  ^(0 )  ■  0,  whereas  we  shall  show  that  the  minimum  value  of 
(2.3)  is  negative.  In  fact,  as  a  consequence  of  (V2)j,  there  exists  numbers 
0  >  X1  and  pQ  >  0  such  that 

(2.6)  V|x|  >^0-j2|x|2  for  x  6  hP,  |x|  <  pQ  . 

Hence,  with  (2.6)  we  have  for  x(t)  ■  p  sin/Xj  t,  p  <  pQ  and  k  <  j: 

♦k(x)  <  j  k2lxl2  -  £  0j2  J  x2  <  j  j2(Xr0>  J  x2  <  0  . 

To  show  that  xk  has  minimal  period  T,  suppose  on  the  contrary  that  xk 
has  minimal  period  T/m,  for  some  m  e  M,  m  >  2.  Define  a  function  s  by 
s(t)  xk(t/m).  Then  z  6  E*  and 

V*>-T- V  ,N,2-Jy(N>  • 

A 

As  x  is  non-trivial,  1x^1  ¥  0,  and  thus  tk<s)  <  x^) ,  contradicting 

the  fact  that  xk  is  a  solution  of  the  minimisation  problem  (2.3). 

This  completes  the  proof.  ■ 

For  the  proof  of  the  other  parts  of  theorem  1  we  shall  use  Ljusternik- 
Schnirelmann  theory.  Therefore  it  is  necessary  that  the  Palais-Smale 


condition  is  satisfied 


LEHHA  3 


Suppose  that  V  satisfies  the  condition  (Vj).  Then,  for  each  ken, 

the  functional  on  E*  satisfies  the  P.S.  condition,  i.e.  if  {x  }  is 

jc  n 

any  sequence  in  E*  such  that  (i)  | 4^ ( xn ) I  is  bounded  and  (ii)  4£(xn>  ♦  0 

as  n  ♦  •,  then  {xR}  contains  a  convergent  subsequence. 

I 

The  proof  of  this  result  is  standard;  it  is  the  same  as  the  proof  of 
leans  3  in  the  next  section  if  one  puts  4(y)  =0  and  replaces  £  by  E* 
in  that  proof. 

Next  observe  that  E*,  being  a  linear  space,  and  the  functionals  4^, 
i  which  are  even  since  V  is  an  even  function,  are  invariant  for  the  action  of 

the  group  Zj  *  {id, -id},  where  id  is  the  identity  map  in  E*.  In  the 
application  of  the  mini-max  theory  we  shall  use  the  genus  as  index  theory  (cf. 
Krasnoselskii  [24],  Coffmann  [16]).  The  genus  of  a  symmetric,  compact 
subset  A  c  E*\{0}  will  be  denoted  by  ind(A),  and  is  defined  as  ind(A)  * 
m  e  ■  u  {0}  if  m  is  the  least  number  for  which  there  exists  an  odd, 
continuous  mapping  A  ♦  rf®\{0},  and  ind(A)  “  "  if  no  such  mapping  exists. 

If  4  is  any  even  functional  on  E*,  satisfying  the  P.S.  condition, 

!  4(0)  -  0,  and  a  :■  inf(4(x)  :  x  e  E*}  is  finite  and  negative,  the  results 

i 

of  the  Ljusternik-Schnirelmann  theory  can  be  summarized  as  follows  (cf.  Clark 
[25]  ): 

The  number  of  ^-distinct  critical  points  of  4  on  E*  with  values  less 
than  or  equal  to  b  <  0,  is  not  less  than  ind(4  ^([a,b])),  where 
4**1([a,b])  ■  {x  e  E*  j  a  <  4(x)  <  b}  is  the  preimage  of  [a,b]  under  4» 

[ 

As  a  consequence,  if  one  can  find  some  symmetric,  compact  set 
1  Z  c  B*\{0}  with  ind(E)  “Iff*,  the  number  of  distinct  critical  points  of 

4  (with  negative  critical  values)  is  not  less  than  £  if  4(E)  <  0. 


For  the  functionals  under  consideration  we  shall  show  that  we  can  use  one 
of  the  following  sets  eJ  with  appropriate,  on  k  dependent,  subscript  t 
and  superscript  p.  For  tea  and  p  >  0  the  set  E^  is  defined  by 
t 

(2.7)  E?  :•  {x  ■  £  e  sin(/xT  at)  »  e  €  Rn  for  1  <  m  <  It  Ixl  -  p)  . 

*  sn»1  *  1  * 

Then  ind(E^)  “  t«n  for  any  p  >  0. 

LB «A  4, 

Suppose  that  V  satisfies  (V^)  and  (V2)j,  and  let  kea,  1  <  k  <  j. 

Then  the  functional  has  at  least  [  j/k]  *n  Indistinct  critical  points 

on  E*  whose  critical  values  are  negative. 

Proof: 

He  shall  show  that  for  P  sufficiently  small,  ^(Ej)  <  0  provided 
t  <  [j/k].  The  Ljusternik-Schnirelmann  theory  summarized  above,  then  gives 
the  result  stated  In  the  lemma. 

It  is  readily  seen  that  for  we  have 

1  .  2  I  *2  ,  1  .2,2.  ,  2 

j  k  J  x  <  j  k  j  x  . 

Together  with  (2.6)  this  gives 

(2.8)  ^(x)  *  3  "  8j2)  *  I  *2  for  x  «  Ej,  p  <  pQ  , 

which  implies  (because  E^  is  compact)  that  ^(E^)  <  0  for  P  <  PQ 
provided  l  <  [  jAl  •  ■ 

Theorem  1,  part  (ii),  follows  immediately  by  taking  k  ■  1  in  lemma  4. 
According  to  lemma  1,  to  each  set  of  critical  points  of  the  functional 
tk,  which  have  (not  necessarily  minimal)  period  T,  there  corresponds  a  set 
of  critical  points  of  ♦  with  (not  necessarily  minimal)  period  T/k. 


Tor  the  Mt  of  critical  points  obtained  in  this  way,  it  is  always 
possible  to  find  a  lower  bound  for  the  minimal  period.  Indeed,  any  potential 
that  satisfies  condition  (Vj),  satisfies  condition  (Vj)^  for  some  t  6  I 
(large  enough).  The  following  lemma  gives  this  lower  bound  and  one  of  the 
consequences  for  the  problea  under  consideration. 

LHA  5. 

Suppose  that  V  satisfies  condition  (Vj)^  for  some  lea.  Then  we 

have: 

(i)  Any  critical  point  of  the  functional  +  on  E*  which  has  negative 
critical  value,  has  minimal  period  not  less  than  T/l. 

(ii)  For  k  e  a,  [1/2]  +  1  <  k  <  1,  any  critical  point  of  the  functional 
on  t*  which  has  negative  critical  value,  has  minimal  period  T. 

Proof : 

Because  of  condition  (VjJ^  we  have  for  k  e  B» 

(2.9)  9k(x)  >  j  k2lxl2  -  j  X^l+1)2  J  x2  >  j  X1(k2-(U1)2)  j  x2,  V  x  e  E*  , 
for  which  it  follows  that  9k  is  non-negative  on  E*  for  every  k  >  1+1. 

For  k  e  a,  let  x  e  B*  be  a  critical  point  of  ^  for  which  ^(x)  <  0, 

and  suppose  that  x  has  T/m  as  minimal  period,  for  some  m  e  a.  Define  a 

function  a  by  s(t)  :■  x(t/m).  Then  *  e  E* ,  *  is  a  critical  point  of  the 

functional  9^,  and  ♦J#jt(a)  “  tj^x).  Since  ^(x)  <  0  it  follows  that 
m*k  must  satisfy  m»k  <  1. 

Taking  k  -  1  in  thin  argument  (thus  =  ♦),  gives  the  result  (i), 
whereas  if  k  >  [1/2]  +  1,  this  inequality  can  only  be  satisfied  for  m  *  1, 
which  proves  part  (ii)  of  the  lemma.  ■ 

Bow  we  are  able  to  complete  the  proof  of  theorem  1.  Part  (iii)  of 
theorem  1  is  an  immediate  consequence  of  Lemma  5  (i)  with  1  ■  j,  and  the 
observation  that  Lemma  4  gives  the  existence  of  at  least  j*n  distinct 


>*| 


critical  po .Luts  with  negative  critical  values.  In  the  saas  way  combining 
Lemma  4  and  Lasma  S  (ii)  gives  the  proof  of  part  (lv)  of  Theorem  1.  The  proof 
of  Theorem  1  is  therefore  completed. 

to  prove  theorem  2  we  shall  show  that  there  exists  a  number  kQ  e  *  such 
that  for  each  k  6  I  with  k  >  kQ,  the  functional  ^  has  a  non-trivial 
critical  point  y^  e  *•  and  that  |yk lL  ♦  •  as  k  ♦  •. 

Once  the  existence  of  a  sequence  {y^}  with  these  properties  has  been 
shown,  the  proof  of  theorem  2  follows  immediately  from  the  fact  that  is 
naturally  imbedded  in  K* :  defining  x^  «■  4^  for  k  >  kg,  each  x^  is  a 
critical  point  of  f  on  I',  x^  6  has  minimal  period  not  greater  than 

t/k  and  1^1^  -  lyklL-. 

In  fact  we  shall  prove  somewhat  more  than  required,  we  shall  prove  that 
for  all  e  >  0  sufficiently  small,  the  functional  ♦*  «  c’tK*,*)  defined  by 
(2.10)  *c(x)  i-  ^  J  x2  -  e2  J  V(x) 

has  a  non-trivial  critical  point  xe,  and  that  1**1^  ♦  •  *■  e  ♦  0. 

m 

Taking  a  sequence  -  1/k  *  0  as  k  ♦  •  gives  the  required  result  as  a 
special  case. 

PEOPOeiTIOW  1. 

£ 

Suppose  that  the  function  V  satisfies  condition  (V4)  and  let  ♦  be 
defined  by  (2.10).  Then  there  exists  a  number  eQ  >  0  such  that  for  each 
c,  with  0  <  c  <  eQ,  the  functional  ♦*  has  on  f  a  non-trivial  critical 
point  xe  with  the  property  that  |xe |_  ♦  •  as  c  ♦  0. 


yvv, 


V  V  ' 
,  \  v  v», 


Proof i 


For  the  proof  of  the  existence  of  a  critical  point  we  use  the  celebrated 
Mountain  Pass  La— a  (Ambrosetti  and  Rabinowitz  [22]).  (Note  that  is 

neither  bounded  fron  below  nor  from  above  on  E#.)  For  the  applicability  of 
this  lesaa  the  Palais-Smale  condition  has  to  be  verified. 

Let  the  function  V  satisfy  (V4 ).  Then  the  functional  on  Ka 

satisfies  the  P.S. -condition. 

The  proof  of  this  result  is  standard;  it  is  the  same  as  the  proof  of 

A 

lemma  6  in  the  next  section  if  one  puts  +(y)  =  0  and  replaces  2  by  E*  in 
that  proof. 

Next,  define  a  number  c6  as: 

ce  s”  inf  sax  fe(x)  , 

where  "max"  is  taken  over  the  points  of  a  continuous  path  in  E*  connecting  two 
points  Xg,  Xj  6  E",  and  "inf  is  taken  over  all  the  paths  with  this 
property.  Then  the  mountain  pass  lemma  states  that  ce  is  a  critical  value 
of  t6  if 

ce  >  max(^e(xQ),  ♦e(x1>) 

Me  shall  take  Xg  =  0,  and  for  x^  any  point  in  E*  with  sufficiently  large 

€  £ 

norm,  say  lx.jl  >  1,  for  which  f  (x^)  <  f  (0)  ■  0.  The  existence  of 
points  Xj  with  this  property  is  a  consequence  of  condition  (V4).  Indeed, 
this  condition  implies  that  there  exist  constants  a  >  0  and  A  e  *  such 
that 

(2.11)  V|x|  >  a|x|y  -  A  for  all  x  6  r"  . 

Hence,  for  any  y  e  E*\{0},  and  a  >  0  we  have  the  estimate 

♦£(oy)  <  -ow(e2o  j  ly|y  -  j  o2  y  J  y2)  +  e2AT  . 

Since  v  >  2,  it  follows  that  <i(oy)  ♦  as  o  ♦  **.  Having  chosen  x^ 


such  that  lx,l  >  1,  ♦  (x^)  <  0,  it  reswins  to  show  that  c  >  0.  But  this 
is  aasyt  for  x  f  i  ■  {x  e  T  t  Ixl  ■  p),  it  follows  with  (2.4)  that 

♦*<x>  >  j  fi2  -  c2W(p>,  for  x  e  Sp  , 

whsrs  N(p)  »-  nax{V(x)  «  x  e  *n ,  |x|  <  /i  p}.  For  given  p,  say  p  -  1,  it 
follows  that 

+e(x)  >  j  -  a^MCD  >  ~  for  Ixl  -  1  , 

1  -U 

for  all  c  >  0  satisfying  *  <  *o  *"  7  .  Bence,  for  all  c, 

0  <  c  <  «D,  c*  >  j,  and  ce  is  a  critical  value  by  tha  Mountain  pass  lassie. 

For  (  <  Cg,  1st  xe  ba  any  "Mountain  pass  point",  i.a.  a  critical 
point  of  ♦*  with  ♦‘(x8)  ■  c* .  As  c*  >  0,  x*  is  nontrivial,  to  show  that 
*e  satisfias  |xe|  ♦  •  as  e  ♦  0,  taka  tha  L2-innerprodoct  of  tha 
function  xe  with  tha  aquation  satisfiad  by  xct 

-l*««V<x*>  . 

A  partial  integration  yields  lx*l2  •  «2  J  V' (x* )»x*,  and  consequently 

♦*(x*)  -  «2  J  <£  V'(x*)-x*  -  V(x*>>  . 

Since  ♦*(xe)  >  V4  for  all  <  >  0,  it  follows  that 

J  (jV'(x')*x‘  -  V(x*)>  >  (2*f2  ♦  •  as  *  ♦  0  . 

From  this  result  one  concludes  that  lx* is  unbounded  as  e  ♦  0.  This 


ccsq>latas  tha  proof  of  tha  proposition 


i wr.  '.'.'w?'  *« .* • :« v r. r- r. :\v. 

3.  Irecf  of  thsorsn  1  and  2  for  convix  potentials. 

Zb  this  ••ctioB  we  consider  the  cbm  that  V  is  a  atrictly  convex 
function  and  V  6  C2(rf1,*).  Without  loss  of  ganarality  we  nay,  and  ahall, 
aaauta  that  V  attains  ita  minimun  valua  at  tha  origin  and  that  this  value  is 
saro  (as  before) t 

V(0)  -  0  <  V(x)  for  all  x  6  *“  . 

For  tha  space  K  defined  in  section  2,  we  shall  use  the  decomposition  E  «  tf1 

•  S,  where  i  is  given  by 

i  *  (y  «  I  i  |  y  *  0)  . 

$  is  a  Hilbert  space  with  the  non  II  as  in  section  2t  lyl  ■  (J  y2}^  . 

For  the  non  in  ■  we  shall  take 

lllxlll  »“  { |x|2  +  lyl2)^  for  x  -  xty,  x  e  f ,  y  e  &  . 

A 

Xn  the  space  B  we  consider  the  subset  Bi 

(3.1)  I  i-  {x  «  I  i  j  V'(x)  -  0}  . 

We  shall  investigate  this  set  in  detail  below,  but  note  already  that 

•  -  * 

I  n  r  ■  {0}  and  that  E  is  a  regular  Manifold  in  E,  i.e.  for  every 

A 

x  6  B,  the  linear  napping 

(K  J  V(X)C  naps  B  onto  *"  . 

A  A 

The  napping  k  II,  given  by  (2.1),  defines  a  set  *■  dfcE.  As  is 

A  A 

easily  verified,  B^  c  e. 

1  * 

The  action  functional  ♦  belongs  to  C  (E,R)  and  dsfines  via  the 
definition  4^  i-  4*^  functionals  ec'(B,l),  explicitly  given  by  (2.2). 

A 

To  show  that  E  is  a  natural  constraint  for  the  couple  (d»*>#  observe 

A 

that  any  critical  point  x  of  d  on  E  satisfies  for  soate  multiplier 
0  6*“  the  equation 

-  *  -  V*(x)  +  V"(x)o  , 

together  with  periodicity  conditions  x(-T/2)  •  x(T/2),  x(-T/2)  ■  x(T/2). 
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Taking  tha  Bn-innerproduct  of  this  aquation  with  tha  vac tor  g,  and  inta¬ 
grating  ovar  (-T/2,T/2)  gives  J  V"(x)c«c  ■  0.  Sinea  V"(x(t))  ia  for 
avary  t  e  (-T/2,T/2)  a  positive  definite  natrix,  it  followa  that  0=0. 

A 

Thus  x  satisfies  aquation  (2),  i.a.  S(f,s)  c  S(f, B)  as  required. 

In  tha  same  way  as  in  section  2,  it  is  readily  verified  that  ^  is  a 
natural  anbadding.  Consequently  wa  havai 

A  A 

La—  1  3  Lanai  a  1,  with  B*  replaced  by  B. 

In  order  to  be  able  to  prove  theorems  1  and  2  for  tha  convex  case  along 

A 

the  sane  lines  as  in  section  2,  we  need  more  information  about  tha  sat  B. 

A 

The  following  proposition  gives  a  characterisation  of  this  sat  B,  and  nay  be 
of  interest  in  itself. 

Proposition  2. 

Let  V  e  C^rf1,*)  be  strictly  convex,  V(0)  -  0  <  V(x)  on  tf*,  and  let 

A 

B  be  defined  by  (3.1).  Then  we  have* 

A  A 

(i)  B  ia  an  unbounded  subset  of  B  and  B  is  closed  with  respect  to  weak 
convergence  in  B. 

(ii)  There  exists  a  single-valued  napping  +  i  I  ♦  rf1  such  that 

(3.2)  B  -  (id++)  I  , 

where  id  is  the  identity  napping.  In  fact,  for  any  y  «  i,  +(y)  is 
uniquely  determined  as  tha  solution  of  the  minimisation  problem 

(3.3)  nin{J  P(x*y)  i  x  B  rf1) 

furthermore,  4  is  differentiable  and  continuous  with  respect  to  weak 
convergence  in  I. 

(iii)  Let  Sp  denote  the  sphere  of  radius  p  in  B,  and  ip  the  ball  of 
radius  p  in  i.  Than  there  exists  a  nonotonlcally  increasing 
function  a  i  ^  ♦  B+  with  a(0)  -  0,  a(p)  ♦  •  as  p  ♦  •,  such  that 
(B  n  Bp)  n  ia(p)  •  f  for  all  p  >  0  » 
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0.4) 


equivalentlys  for  any  x-x  +  yBB,  x0  Rn,  y  e  I  it  holdsi 
lllxlll  >  lyl  >  *(111x111)  . 

(It)  Dm  following  inequalities  hold* 

(3.5)  TVO(y))  <  J  V(y+*(y))  <  J  V(y)  for  *11  y  0  E  . 

»■■■**»» 

1.  If  tho  functional  V  is  quadratic,  than  +(y)  ■  0  for  all  yes,  i.a. 

*  .  * 

*  ■  1.  Mora  generally,  if  the  functional  V  is  even,  then  B*  c  B, 

where  B*  is  the  space  of  odd  periodic  functions  introduced  in  section  2; 

in  that  case,  i  t  B  in  general. 

2.  Dm  red  arks  wade  in  the  introduction  concerning  the  fomulations  (4)  and 
(5)  are  an  laaadiate  consequence  of  this  proposition,  part  (ii). 

3.  Having  defined  the  sapping  4  as  in  the  proposition,  the  problem  of 

A 

finding  critical  points  of  ♦  on  B  can  also  be  formulated  as  finding 

A 

critical  points  of  the  functional  ♦,  defined  by 

(3.6)  t(y)  i-  J  |  y2  -  J  V(y^(y))  ,  y«i  , 

on  the  set  i,  i.e.  S(f»B)  3  S(t,  I).  (Bote  that  ♦  €  c’d,*)).  we 
shall  use  this  observation  in  the  proof  of  the  Ralais~Smale  condition  in 
the  following. 

Proof  of  propoeition  2t 

Pert  (i)  of  the  proposition  is  an  immediate  consequence  of  part  (ii).  To 
prove  (ii),  let  y  0  I  be  fixed,  and  consider  the  function 

vy  *  *n  ♦  *  ,  vy(x)  I-  J  V(x*y)  . 

It  is  a  simple  matter  to  verify  that  vy  0  c2 <■?,*)  and  that  it  is  strictly 
convex.  This  function  attains  its  minimum  value  at  a  unique  point,  to  be 
denoted  by  4(y).  Die  stationarity  condition  Vy(+(y>)  ■  0  is  precisely 
J  V'(y*#(y))  ■  0,  i.e.  y  +  $(y)  0  B.  This  shows  (id+4)  icl. 


If  x  is  any  point  in  I,  than  x  •  x+y ,  with  x  e  R  and  yes 
uniquely  determined.  Sines  J  V'(x+y)  -  0,  x  is  a  (and  consequently  the 
unique)  critical  point  of  the  function  vy,  i.e.  x  -  # (y) .  This  shows 
B  c  (id+#)  it  and  together  with  the  other  inclusion  this  gives  (3.2). 

Row  consider  the  function  F  e  C1 [wP  x  2,  rf1)  defined  by 

F(x,y)  j-  J  V'(itfy)  . 

Since  V  is  strictly  convex,  the  derivative  of  F  with  respect  to  x  is 

non-singular i  D_  F(x,y)  *  C  **  /  V"(x+y)C  is  a  non-singular  napping  from 
x 

tP  onto  wP.  The  ixqslicit  function  theoren  can  thus  be  applied,  and  gives 

A 

that,  for  any  x^  +■  y0  6  B,  there  exists  a  differentiable  napping,  to  be 

denoted  by  #,  fron  a  neighbourhood  0  of  y0  into  1 P  such  that 
M  * 

♦(y)  ♦  y  e  B  for  all  y  e  O.  As  #(y)  is  the  unique  point  in  iP  such  that 
*  ~ 

y  +  #(y)  6  B,  it  follows  that  4  s#,  which  shows  that  ♦  is 
differentiable.  Tb  show, that  #  is  continuous  with  respect  to  weak 
convergence  in  2,  let  Yn  *  Y  weakly  in  2.  Since  2  is  conpactly 
embedded  in  2  *•  {y  e  C*(R,tf>)  i  y  is  T-periodic,  J  y  ■  0),  it  follows 
that  I yn-y I c*  ♦  0  as  n  ♦  -. 

Another  application  of  the  implicit  function  theoren  to  the  function 
F,  now  considered  as  a  napping  F  6  *  2,  fP)  gives  the  required 

result:  #(yn)  ♦  #Cy)  es  n  ♦  •. 

The  essential  contents  of  part  (iii)  is  that  for  given  x  +  0,  the  set 
of  functions  y  6  2  such  that  x  +  y  6  E  is  bounded  away  fron  zero.  Tb 
state  this  precisely,  consider  the  function  b  <  R+  ♦  R+  defined  by 
b(r)  j*  infOyl2  :  y  «  2,  #(y)  -  r),  r  >  0  . 

As  ♦  is  continuous  with  respect  to  weak  convergence  in  2,  this  mininiza- 
tion  problsn  nakss  sense,  and  in  fact  has  a  solution  (by  Weierstrass'  theoren 
for  coercive,  weakly  lower  senl continuous  functionals  on  weakly  closed 
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Mt<)>  It  follows  that  b(r)  >  0  for  r  >  0:  if  b(r)  were  zero  for  r  > 

0,  then  ♦((>)  «  r  >  0,  contrary  to  the  fact  that  V'(x)  *  0  on  rf*  iff 

a  2  o 

x  -  0.  Furthermore,  as  *y *  has  no  critical  points  in  E\{0},  it  follows 
that  b  is  also  given  by  b(r)  -  inftlyl  :  y  e  E,  $(y)  >  r},  and  that  b 
is  a  continuous,  monotonically  increasing  function  with  b(r)  ♦  •  as  r  ♦  •. 
Hence  the  function  b  has  a  monotonically  increasing  inverse  c  :■  b~ 1  : 

R+  ♦  R+,  satisfying  c(0)  •  0  and  c(R)  ♦  •  as  R  ♦  •.  (In  fact,  c  is 

explicitly  given  by  the  inverse  extremum  formulation 

©  2 

c(R)  -  sup{+(y)  :y  e  E,  lyl  <  R)  , 
cf.  [26].)  thus  c(lyl2)  >  ${y)  for  all  y  e  B,  and  hence 
1 1  ly+4(y)  III2  -  *y«2  +  *2<y)  <  *2dyl2)  , 

where  f  is  the  function  given  by  f(R)  (R  +  c2 (R) *  with  c»  the 
function  f  is  monotonically  increasing,  and  (3.4)  follows  with  the 

function  a  defined  as  the  square  root  of  the  inverse  function  of  f. 

Finally,  to  prove  (iv),  recall  the  well-known  inequality  for  convex 

functions i 

V(u)  -  V(v)  >  V*(v)  •  (u-v)  for  all  u,  v  e  tP  . 

Taking  u  *  y+6(y),  v  ”  6(y),  and  u  ■  y,  v  *  y+4(y)  in  this  inequality,  an 
integration  over  ( -T/2 , T/2 )  gives  the  result  (3.5).  This  completes  the 
proof  of  proposition  2.  ■ 

Having  established  the  foregoing  proposition,  from  now  on  the  proof  of 
theorems  1  and  2  for  the  case  under  consicp-  ation  resembles  the  proof  given  in 
section  2  in  many  ways.  Therefore  we  shall  restrict  ourselves  in  the 
following  to  the  essentials. 

A  A 

Lemma  2  =  Lemma  2,  with  E*  replaced  by  E. 


Proof 8 


The  most  difficult  part  of  the  proof  is  to  show  that  the  functionals  $k 

A 

are  coercive  on  E.  (Note  that  ♦  is  certainly  not  coercive  on  E.) 

Writing  x  “  $(y),  we  can  use  one  of  the  inequalities  of  (3.5)  to  obtain 

♦k<x+y>  ■  \  k2  j  y 2  -  J  V(x+y)  >  ~  k2  J  y2  -  J  V(y)  . 

Now  using  the  inequality  (2.5)  for  J  V(y)  (instead  of  for  J  V( x+y) )  gives 

the  existence  of  constants  8  >  0  and  p  e  R,  such  that  ^(y+4 (y) )  > 

2  * 

Blyl  -  p.  The  coercivity  of  ^  on  E  then  follows  because  of  (3.4): 

A 

♦k(x)  ♦  •  as  x  e  E,  | | I x | I (  ♦  •. 

As  a  consequence  of  proposition  2,  (i),  Weier stress'  theorem  for 
functionals  on  weakly  closed  sets,  can  be  applied  to  provide  the  existence  of 
a  solution  of  the  minimization  problem 

inf{$k(x)  :  x  e  E} 

That  the  solutions  of  this  problem  are  non-trivial  and  have  minimal  period 
T  for  1  <  k  <  j,  follows  as  in  the  proof  of  lemma  2.  ■ 

A  A 

lemma  3  =  Lemma  3,  with  E*  replaced  by  E. 

Proof 8 

In  view  of  proposition  2  and  remark  3  following  it,  the  proof  amounts  to 

*  • 

showing  that  the  functional  satisfies  the  Palais-Smale  condition  on  E, 

A 

where  +k  is  defined  by 

♦k<y)  »“  J  J  y2  ”  J  V(y+*(y)),  y  e  E  . 

Let  {yft}  c  i  be  any  sequence  for  which  |  tk  ( Yn )  I  is  uniformly  bounded  and 

A  A  A  # 

t'(y  )  0  as  n  ♦  •.  Since  is  coercive  on  E,  ♦,  is  coercive  on  E 

k  n  k  k 

and  hence,  {y  }  is  uniformly  bounded  in  £  and  thus  has  a  subsequence, 
n 

again  to  be  denoted  by  yn,  which  converges  weakly  in  I  and  strongly  in 
C*  to  some  y  6  E.  From  proposition  2  it  follows  that  $(yn )  ♦  +(y),  and 
thus  ]  V(y  +4(y  ) )  ♦  j  V(y+$(y)).  Since  J'(y  )  ♦  0  implies 

*  n  H  jc  lx 


<  ♦'(y  )  -  ♦t'(y)/  y  -y  >  ♦  0  as  n  one  readily  obtains  I  v  -yl  0, 

n  K  n  n 

which  has  to  be  proved.  ■ 

A 

Xn  order  to  apply  mini-max  theory,  observe  that  the  set  B  and  the 
functionals  are  invariant  for  the  action  of  the  group  G  •  S  ^  x  z2 , 

where  S1  is  the  group  provided  by  time-translations: 

SgX(t)  :-  x(t+0),  for  6  e  (-T/2,T/2]  , 

and  *2  -  {id,  inv},  with  id  the  identity  and  inv  time- inversion: 

inv  x(t)  :■  x(-t) 

A 

The  index  of  a  compact  G-invariant  set  A  c  B\{0)  will  again  be  denoted  by 
ind(A),  and  is  defined  as  (cf.  [27,  [28],  [29])  ind(A)  -  m  e  M  u  {0}  if 
m  is  the  least  number  for  which  there  exists  an  equivariant,  continuous 
mapping  h  :  A  ♦  «*\{0),  and  ind(A)  ■  •  if  no  such  mapping  exists. 

(The  mapping  h  :  A  ♦  Cm|{0}  is  equivariant  if 

h(SgX)  -  Rgh(x),  h(inv  x)  *  -h(x)  , 

where  Rg  :  1?  *  is  defined  for  z  «  (z.,  ,z2, .  •  •  ,z m)  e  C®  as 
Rgi  «  (e  *1,  e  z2,...,e  s^)  with  0  ■  5-  0  •) 

As  a  consequence  of  the  Ljustemik-Schnirelmann  theory  for  invariant 
functionals  which  are  bounded  from  below  on  invariant  sets,  the  number  of  (G  -) 
distinct  critical  points  of  °n  E  is  not  less  them  £  if  some 

A 

compact,  invariant  set  E  c  E\{0)  can  be  found  for  which  ind(E)  “  £  and 

♦k<r>  <  0. 

Appropriate  sets  E  for  this  case  will  be  (compare  with  (2.7)) 

e£  :**  (y+^(y)  :  y  e  E^)  r 

where  ♦  is  the  mapping  introduced  in  proposition  2,  and  E^  is  a  subset 
of  i  defined  as  E?  ■  ^(+)  u  with 


E^(±)  *"  fy  ■  j  en[sin(/X^  at  +  0)  ±  cos(/x"^  mt  +  a)]  s 
m*1 

a  e  (-*,*],  e  e  tf1  for  I  <  m  <  tj  lyl  *  p) 


A  *  A. 

Because  of  the  definition  of  ♦  ,  Ej  c  E,  Ej  is  compact  (proposition  2,  ( ii ) ) 
and  does  not  contain  the  zero-element  for  p  >  0  (proposition  2,  (iii)).  For 


any  p  >  0,  ind(E^)  *  £• n. 


Lemma  4  =  Lemma  4,  with  E°  replaced  by  E ,  and  Z2  by  G. 


Proof:  Almost  the  same  as  the  proof  of 
y  e  (writing  x  »  +(y)): 


4:  instead  of  (2.8)  we  have  for 


♦k(^+y)  <  ^(k2t2X1  -  Sj2)  J  y2  -  \  $j2T|x|2  , 


with  the  same  conclusions. 


5  5  Lemma  5,  with  Ea  replaced  by  E. 


Proof:  As  in  the  proof  of  lemma  2,  first  use  one  of  the  inequalities  of  (3.5) 
before  using  the  inequality  implied  by  (Vj)j.  Inequality  (2.9)  becomes, 
writing  x  -  $(y): 

♦k(^+y)  >  -  k2  J  y2  -  J  V(y)  >  \  I,*2  -  U+1)2)  J  y2  , 
with  the  same  conclusions.  ■ 

As  in  section  2,  the  proof  of  theorem  1  can  easily  be  completed. 

For  the  result  of  theorem  2  we  shall  consider,  as  in  section  2,  the  more 

£  * 

general  problem  for  the  functional  ♦  ,  defined  by  (2.10),  on  the  set  E. 

£  1  A 

Then  ♦  6  C  (E,R),  and  Theorem  2  follows  as  a  special  case  of  the  following 

proposition. 

A  * 

PROPOSITION  1  =  Proposition  1,  with  E*  replaced  by  E. 

For  the  proof  of  this  proposition  we  have  to  verify 

A  * 

Lemma  6  =  Lemma  6,  with  E*  replaced  by  E. 


-\vrv\w w v v 


.*  %s  . 


-  *•  /  .  ■. 


Proof*  As  in  the  proof  of  lemma  3  we  shall  show  that  the  functional 

*  r  4  | 

♦  e  c'(B,E)  defined  by 

♦£{y)  J-  J  j  y2  -  V(y+$(y))  ,  y  e  S  , 

aetisfiea  the  P. S.  condition.  We  ahall  show  that  any  sequence  {yR}  c  £  for 

*  r  • 

which  there  exists  M  >  0  such  that  If  (y  )|  <  M  and  f  (y  )  ♦  0  as 

n  n 

n  ♦  is  uniformly  bounded  in  £.  The  rest  of  the  proof  is  then  the  same  as 
in  the  proof  of  lemma  3.  Writing  xn  ■  yn  +  with  xn  ■  f(yn)»  from 

“r  * 

f  (yQ)  ♦  0  it  follows  that  for  arbitrary  small  5  >  0,  for  n  sufficiently 

large  l<  f6  (y  )#  y  >1  <  6*y  Since  J  V'(x  )  ■  0,  this  implies 
n  n  n  n 

11% -I  *‘«v  •  «„I « ***„•  • 

Because  of  condition  (V4)  there  exists  a  constant  A(<0)  such  that 

V'(x)  •  x  >  V(x)  +  A  for  all  x  6  tf1,  and  hence 

-  J  y2  >  j  V(x  >  +  A  -  «»y  I  . 
y  *  *  n  Jn 

1  •  2 

Subtracting  this  result  from  j  J  yn  <  J  V(xn>  ♦  M,  there  results 

<4  -  -)  «y  I2  <  H  -  A  +  Sly  I  . 

2  |i  n 

Since  |i  >  2  it  follows  that  lyRl  is  uniformly  bounded  and  the  proof  can  be 
completed.  ■ 


Proof  of  proposition  1. 

For  the  application  of  the  Mountain  Pass 


existence  of  an  element  x1  with  the  properties  t 


we  first  show  the 


(3.7)  x1  -  xy  +  y1  «  E,  x1  €  y1  e  E,  ly,!  >  1  and  f  (x^  <  0  . 

To  that  end,  take  any  y  C  B,  y  f  0,  and  consider  for  c  >  0,  xg  :•  x0  +  oy, 

A 

where  xg  tm  ♦  (oy)  (f  defined  in  proposition  2).  Then  xg  €  B  and  with 


(2.11)  it  follows 


♦e(xo  +  oy)  <  ^  a2  J  y2  -  oe2  J  |xo  +  oy|M  +  c2AT  . 

Since  p  satisfies  w  >  2,  a  special  case  of  Jensen's  inequality,  viz 
(J lgl)M/2  <  c  •  J1gtv/2  ,  with  c  -  t“’2/2  , 


can  ba  uaad  to  obtain  tha  aatiaata 

J  I*,  ♦  «ytM  >  i  (J  l*0  ♦  oyl2}v/2  >  l  •  0U{J  y2)u/2  , 

and  ona  aasily  concludas  ♦*(«0  *  cy)  ♦  -•  aa  a  ♦  •,  frosi  which  tha 
axistanca  of  alaoants  x1  with  tha  daairad  proportion  (3.7)  followa. 


Naxt,  to  ahow  ce  >  0,  lat  y  «  i»  {y  6  i  i  lyl  -  p},  and  conaidar 

x  »  y  +  #(y),  ♦  dafinad  in  proposition  2.  With  (3.4)  it  follows  that 

MUM  |  <  a  1  (p),  whara  a-1  is  tha  invarsa  of  tha  function  a.  As 

•ln(1,T>  •  |x|20  <  I llxll I2,  wa  find,  taking  p  -  1  and  writing 
C 

„  .  |I  .  A~’dl  ft  , 

*T  nin(  1,T)  *  * 

♦*(y  +  ♦  (y))  >  i  -  e2TH(b)  >  7  for  all  y  «  8  , 

for  all  «  >  0  satisfying  c  <  *0  »  {nKb)}^  . 

As  a  consaquanca,  on  any  continuous  path  connacting  0  and  a  point  x1 
with  tha  propartias  (3.7),  tha  functional  attaina  valuas  not  lass  than 

j  if  *  <  eQ.  Hanca  cC  >  j  for  all  e,  0  <  c  <  efl. 


Along  tha 


linas  as  in  tha  proof  of  proposition  1,  ona  shows  that  tha 

iplatas  tha 


rantain  pass  points  xC  satisfy  |xe|L  ♦  •  as  c  ♦  0.  mis 


proof  of  proposition  1. 


-27 


CLARK,  D.  C. ,  On  periodic  solutions  of  autonomous  Hamiltonian  systems  of 
ordinary  differential  equations;  Proc.  A.M.S.  _39  (1973)  579-584. 

COSTA,  0.  6.  and  M.  WILLEM,  Multiple  critical  points  of  invariant 
functionals  and  applications;  MRC  Report  #2532,  June  1983. 

AMAMM,  H.  and  E.  ZEHNDER,  Periodic  solutions  of  asymptotically  linear 
Hamiltonian  systems;  Manuscripts  Math.  J2  (1980)  149-189. 

CLARKE,  P.  and  I.  EKELAND,  Hamiltonian  trajectories  having  prescribed 
minimal  period;  Comm.  Pure  Appl.  Math.  _33  (1980)  103-116. 

AMBROSETTI,  A.  and  G.  MANCXNI,  Solutions  of  minimal  period  for  a  class  of 
convex  Hamiltonian  Systems;  Math.  Annalen  255  (1981)  405-421. 

RABINOWITZ,  P.  H.,  On  subharmonic  solutions  of  Hamiltonian  systems;  Comm. 
Pure  Appl.  Math.  33  (1980)  609-633. 

RABINOWITZ,  P.  H. ,  A  variational  method  for  finding  periodic  solutions  of 
differential  equations;  int  Nonlinear  Evolution  Equations,  M.  G. 
Crandall,  ed. ;  Academic  Press,  New  York,  1978,  225-251. 

RABINOWITZ,  P.  H. ,  Periodic  solutions  of  large  norm  of  Hamiltonian 
systems;  to  appear  in  Jrnl.  Diff.  Eqns. 

BERGER,  M.  S. ,  Nonlinearity  and  Functional  Analysis;  Academic  Press,  New 
York  1977. 

BERGER,  M.  S. ,  Creation  and  breaking  of  self  duality  symmetry  -  A  modern 
aspect  of  Calculus  of  Variations;  Contemporary  Mathem.  J \1_  (1983) 
379-394. 

BERGER,  M.  S.,  On  periodic  solutions  of  second  order  Hamiltonian  systems 
(1);  Jrnl.  Math.  Anal.  Appl.  29  (1970)  512-522. 

BERGER,  M.  8. ,  Periodic  solutions  of  second  order  dynamical  systems  and 
isoperimetric  variational  problems;  Amer.  J.  Math.  _93_  (1971)  1-10. 


13.  BIRGER,  N.  8.  and  I.  BOMBXERX,  On  Poincari's  Xaoperimetric  Problem;  Jrnl. 

Funct.  Anal.  42  (1981)  274-298. 

14.  BERGER,  N.  8.  and  N.  SCHECHTER,  On  the  solvability  of  semi linear  gradient 

operator  equations;  Advances  in  Math.  25_  (1977)  97-132. 

15.  NEHARX,  Z. ,  On  a  class  of  nonlinear  second  order  differential  equations; 

Trans.  A.M.8.  95  (1960)  101-123. 

16.  COFFMANN,  c.  V,  A  minimus-maximum  principle  for  a  class  of  nonlinear 

integral  equations;  <7.  Analyse  Math.  22_  (1969)  391-419. 

17.  HEMPEL,  J.  A.,  Multiple  solutions  for  a  class  of  nonlinear  boundary  value 

problems;  Xnd.  univ.  Math.  Jrnl.  20.  (1971)  983-996. 

18.  AMBR06ETTI,  A.  and  G.  MANCXNX,  On  a  theorem  by  Bceland  and  Lasry 

concerning  the  number  of  periodic  Hamiltonian  trajectories;  Jrnl. 
Diff.  Eqns.  43  (1982)  249-256. 

19.  VAN  GROESEN,  E.  W.  C.,  Existence  of  multiple  normal  mode  trajectories  on 

convex  energy  surfaces  of  even,  classical  Hamiltonian  systems;  Jrnl. 
Diff.  Eqs.,  to  appear. 

20.  VAN  GROESEN,  E.  W.  C. ,  Multiple  normal  modes  in  natural  Hamiltonian 

systems;  in;  Topological  Methods  in  Nonlinear  Analysis,  proceedings 
of  22-nd  session  of  Siminaire  de  Kathimatiques  Supericures,  A. 
GRANAS,  ed. ,  University  de  Montrial,  summer  1983,  to  appear. 

21.  EKEIAND,  X.,  Periodic  solutions  of  Hamiltonian  equations  and  a  theorem  of 

P.  Rabinowits ;  Jrnl.  Diff.  Eqns.  34  (1979),  523-534. 

22.  AMBR08ETTX,  A.  and  P.  H.  RABXNGWXTZ,  Dual  variational  methods  in  critical 

point  theory  and  applications;  Jrnl.  Funct.  Anal.  14  (1973)  349-381. 

23.  VAN  GROESEN,  E.  W.  C.,  Applications  of  natural  constraints  in  critical 

point  theory  to  boundary  value  problems  on  domains  with  rotation 
symmetry;  MRC  Report  #2594,  November  1983. 


24.  KRA8N08EL8KII ,  N.  A.,  Topological  methods  in  tha  theory  of  nonlinear 

integral  equations;  Macmillan,  New  York,  1964. 

25.  CLARK,  o.  C. ,  A  variant  of  Lusternik-Schnirelman  theory;  Indiana  Uhiv. 

Math.  J.  22  (1972)  65-74. 

26.  VAN  GROB8BN,  I.  N.  C. ,  Dual  and  inverse  formulations  of  constrained 

extraaram  problems;  Jral.  Math.  Modelling,  1  (1980)  237-254. 

27.  PADKLL,  t.  and  P.  H.  RABINOMITZ,  Generalised  oohomological  index  theories 

for  Lie  group  action  with  an  application  to  bifurcation  questions 
for  Hamiltonian  systems;  Invent.  Math.  45 ,  (1976)  134-174. 

28.  BKNCI,  V.,  A  geometrical  index  for  the  group  S 1  and  some  applications 

to  the  study  of  periodic  solutions  of  ordinary  differential 
equations;  Coma.  Pure  Appl.  Math.,  3£  (1981)  393-432. 

29.  BBICI,  V. ,  On  critical  point  theory  for  indefinite  functionals  in  the 

presence  of  symmetries;  Trans.  A.M.8.  274  (1982)  533-572. 


BMCV/Jvs 


SECURITY  CLASSIFICATION  Of  THIS  PASE  /Mot  0«M  S*Mr*« 


*2593 


REPORT  DOCUMENTATION  PAGE 

Ill - IT  oovx  accci 


4.  TITLE  (and  lubtttla) 

Applications  of  Constraints  in  Critical  Point 
Theory  to  Periodic  Solutions  of  Natural 
Hamiltonian  Systems 

?■  AUTHONC4  '  — 

E.  W.  C.  van  Groesen 

A.  PCRFORMINO  OROANIXATION  NAME  ANO  ADDRESS 

Mathematics  Research  Center,  University  of 
610  Walnut  Street  Wisconsin 

Madison.  Wisconsin  53706 _ 

11.  CONTROL LHIO  OFFICE  NANS  ANO  AOORKM 

U.  S.  Army  Research  Office 
P.O.  Box  12211 

Research  Triangle  Park.  North  Carolina  27709  __ 

Tl '  M6NrV6%'N3~  *3encv  nans  I  AOOsiMfif  SSEmni  »Sm  eJSSiSi  omn) 


REAP  INSTRUCTIONS 
BEPORE  COMPLETPIO  FORM 
iicmBPi  cataloo  nunbrn 


a.  ryes  or  report  a  period  covered 
Summary  Report  -  no  specific 
reporting  period _ 

«.  PCRFORMINO  ORO.  REPORT  NUMBER 


«.  CBnTRaCT  OR  ERAnIT  NUMBERfW 

DAAG29-80-C-0041 

10.  PROORAM  ELEMENT.  PROJECT.  TASK 
AREA  A  WORK  UNIT  NUMBERS 

Work  Unit  Number  1  - 
Applied  Analysis 

“i3T  report  date  ~ 

November  1983 


IS.  SECURITY  CLASS,  (ot  <M«  Mp ott) 


UNCLASSIFIED 

DECLASSI  FI  CATION /DOWN  OR  ADI  NO 
SCHEDULE 


tRlSUTION  STATEMENT  (UNli 


Approved  for  public  release;  distribution  unlimited. 


[  17.  distribution  statement  (ot  «•  obotroct  antmrad  in  Bloat  to,  ii  dinoront  tram  RapoftT 


I  10.  supplementary  notes 


IS.  KEY  WORDS  rCMltm  an  roraroa  aida  It  naaaaaary  mtd  tdonllty  by  bloat  numbar) 

periodic  solution,  Hamiltonian  system,  variational  methods, 
natural  constraints 


*0.  ABSTRACT  (Cantlnua  an  roraraa  alda  II  naaaaaary  and  Idanlltr  *7  Woe*  mmbar) ~  ~ 

This  paper  deals  with  periodic  solutions  of  Hamiltonian  systems  of  the 
form  -x  ■  V' (x)  with  V  a  given  function.  Assuming  V  to  be  either  a 
convex  or  an  even  function,  and  prescribing  the  period,  existence  results  are 
obtained  for  the  number  of  solutions  in  relation  to  the  minimal  period  of 
these  solutions,  assuming  superquadratic  growth  at  infinity  only,  or  subqua¬ 
dratic  growth  at  infinity  together  with  specific  behaviour  at  the  origin  for 
V.  By  introducing  natural  constraints,  these  results  are  obtained  by  applying 
variational  methods  directly  to  the  action  functional. 


FORM 
I  JAN  TO 


COITION  OF  I  NOV  AE  It  OBSOLETE 


UNCLASSIFIED 

SECURITY  CLASSIFICATION  OF  THIt  PAOe" 


(Whan  Data  Bntarod) 


t 


